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Abstract
Let (g,f ) be an analytic map germ from (C2,0) into (C2,0) and denote by (u, v) the canonical
coordinates in (g,f )(C2); it is (g(x, y), f (x, y)) = (u, v). In [J. London Math. Soc. (2) 59 (1999)
207–226], we showed that the set constituted of the first (not necessarily characteristic) Puiseux
exponent (in the (u, v)-coordinates) of each branch δ of the discriminant curve of (g,f ) is a
topological invariant of (g,f ). Here we prove that for each branch δ there exists an integer k(δ)
such that the set constituted of the first (not necessarily characteristic) k(δ) exponents of the Puiseux
series in the (u, v)-coordinates of each δ is a topological invariant of (g,f ). We give different ways
to compute these invariants.  2002 Elsevier Science B.V. All rights reserved.
AMS classification: 14B05; 32S05; 32S45; 57M25
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Notations. Let S3ε be the sphere centered at the origin of C2, with radius ε. The linking
number between the links K1 and K2 in S3ε is denoted L(K1,K2).
The intersection multiplicity at the origin between the plane curve germs h−11 (0) and
h−12 (0) is denoted (h
−1
1 (0), h
−1
2 (0))0.
Remark 1. From a theorem of Lefschetz we have (h−11 (0), h
−1
2 (0))0 = L(Kh1 ,Kh2).
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1. Introduction
Let f and g be two analytic function germs from (C2,0) into (C,0) without common
irreducible factors. We define the map Φ from (C2,0) into (C2,0) by Φ(x,y) =
(g(x, y), f (x, y)).
The Jacobian germ Jˆ of Φ is the product of the irreducible components of: (∂g/∂x)×
(∂f/∂y)− (∂g/∂y)(∂f/∂x) which do not divide f · g; its reduced zero set is the Jacobian
locus J of Φ . The image by Φ of J is the discriminant curve ∆ of Φ . If we denote by
(u, v) the canonical complex coordinates of Φ((C2,0)), then, as {u= 0} =Φ({g = 0}) is
not a branch of ∆, each branch δ of ∆ admits a Puiseux expansion given by:
u= vqδ/pδ
(
a +
∑
k∈N∗
bkv
k/m
)
,
where a ∈ C∗, bk ∈ C, qδ/pδ > 0 (with gcd (pδ, qδ) = 1) and m ∈ N∗. (See, for
example, [1] or [2].)
The exponents of this Puiseux serie of δ are qδ/pδ and the (qδ/pδ)+ (k/m) for bk = 0.
In the following we shall call a Puiseux serie in the (u, v)-coordinates a “(u, v)-Puiseux
serie”.
In [13], we show that the set constituted of the rational numbers pδ/qδ associated to the
branches δ of ∆, called the set of Jacobian quotients of Φ , is a topological invariant of Φ
(see Section 2.1 below). In [12,13] we give different ways to compute these invariants. See
also [8] for the case of a complex analytic normal surface.
In what follows we show that for each branch δ of ∆ there exists k(δ) in N∗ such that
the set constituted of the first k(δ) exponents of the (u, v)-Puiseux serie of each branch δ
is a topological invariant of (g, f ) (Section 2). Moreover we give three different ways to
compute them. The first one uses Waldhausen theory, the second one the morphism Φ (see
Section 2). In Section 3, we give another way to compute those invariants in the minimal
resolution of f · g.
2. Waldhausen manifolds
2.1. About Jacobian quotients
Let h be an analytic function germ at the origin of C2.
Let the sphere S3ε be the boundary of the ball D4ε centered at the origin of C2, with
radius ε small enough such that the topological type of the link Kh = h−1(0)∩S3ε does not
depend on ε (see [15]).
The embedded resolution of the plane curve singularity defined by h−1(0) implies
the existence of a decomposition of S3ε into a finite union of Seifert fibred manifolds
(that means differentiable, connected, closed and oriented 3-manifolds that admit a
differentiable and oriented foliation in circles), for which the components of Kh are
Seifert leaves (see [14, Chapters 9–12], [10, Chapter 1.]). From results of [4–6,16,18],
up to isotopy, there exists a unique manifold satisfying the above properties with a
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minimal number of Seifert fibred manifolds; such a decomposition is called the minimal
Waldhausen decomposition of S3ε for Kh.
The weighted link of h =∏ni=1 hrii is the link Kh, where the connected component of
Kh corresponding to hi is weighted by ri .
Two pairs of germs (h1, k1) and (h2, k2) are topologically equivalent if there exists a
homeomorphism of a neighbourhood of the origin in C2 that sends h−11 (0) onto h
−1
2 (0)
and k−11 (0) onto k
−1
2 (0), respecting weights.
Two pairs of germs are topologically equivalent if and only if their associated weighted
pairs of links are isotopic (see [15,17]).
Now let us consider the minimal Waldhausen decomposition of S3ε for Kf ·g.
Let V be a Seifert manifold of this decomposition and ν any Seifert leaf of V . The
linking quotient of (g, f ) associated to V is the rational number L(Kf , ν)/L(Kg, ν).
As the minimal Waldhausen decomposition of S3ε forKf ·g is unique up to isotopy, the set
constituted of the rational numbersL(Kf , ν)/L(Kg, ν) associated to each Seifert manifold
of the minimal Waldhausen decomposition of S3ε forKf ·g is a topological invariant of f ·g.
It is called the set of linking quotients of (g, f ).
The main result of [13] which shows the topological invariance of the Jacobian quotients
of (g, f ) is the following one:
Theorem [13, Theorem 1]. To each Jacobian quotient of (g, f ) corresponds a linking
quotient of (g, f ) and conversely.
2.2. Minimal Waldhausen decomposition of S3ε for Kf ·g
Let us remind the construction of the minimal Waldhausen decomposition of S3ε for
Kf ·g . It is obtained via Lê’s carrousel (see [7]).
In [13, Section 2], we show that there exists strictly positive real numbers ε, θ and η,
small enough, with 0 < η θ  ε, such that there is a diffeomorphism (with corners) ϕ
fromΣ = [g−1(D2θ )∩f−1(S1η)∩D4ε ]∪[g−1(S1θ )∩f−1(D2η)∩D4ε ] onto S3ε which satisfies
ϕ(g−1(0)∩Σ)=Kg , ϕ(f−1(0)∩Σ)=Kf .
In what follows KΣh represents the link h
−1(0) ∩Σ and U(KΣh ) (respectively U(Kh))
is a tubular neighbourhood of KΣh (respectively Kh) in Σ (respectively S3ε ).
From this result, as it is easier to work with Σ instead of S3ε (because the image by Φ
of Σ is the sphere (D2θ × S1η) ∪ (S1θ ×D2η)), we can construct, up to isotopy, the minimal
Waldhausen decomposition of S3ε for Kf ·g by establishing the one of Σ for KΣf ·g .
As {v = 0} is not a branch of ∆, we can choose η, θ, ε such that ∆∩ [(D2θ ×S1η)∪ (S1θ ×
D2η)] is included into D2θ × S1η. (See [13].)
The restriction ofΦ to Σ is a branched covering whose ramification locus is J ∩Σ union
the irreducible components of KΣf ·g associated to the non-reduced branches of (f ·g)−1(0),
and whose set of ramification values is K∆ =∆∩ (D2θ × S1η) union {0}× S1η (respectively
S1θ × {0}) is there exists non-reduced branches of g−1(0) (respectively f−1(0)).
The minimal Waldhausen decomposition of Σ for KΣf ·g can be obtained as follows.
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Using Lê’s carrousel, we establish the minimal Waldhausen decomposition of
(
D2θ × S1η
)∖[(
˚D2α × S1η
)∪
(⋃
δ∈∆
U(Kδ)
)]
where α is such that 0 < α η and U(Kδ) is a tubular neighbourhood of Kδ = δ ∩ (D2θ ×
S1η) in D2θ × S1η . By taking its pull-back by Φ , we obtain a Waldhausen decomposition of
the complement of KΣ
f ·g·Jˆ in Σ . From this Waldhausen decomposition it is easy to obtain
the minimal Waldhausen decomposition of Σ for KΣf ·g . (For more details see [13] or [10].)
2.3. Minimal Waldhausen decomposition of Φ(Σ) for (∆∪ {u= 0} ∪ {v = 0})∩Φ(Σ)
Now let us describe the construction used in [13] to establish the minimal Waldhausen
decomposition of
(
D2θ × S1η
)∖[(
˚D2α × S1η
)∪
(⋃
δ∈∆
U(Kδ)
)]
.
We order the Jacobian quotients of (g, f ) as follows: 0 < p1/q1 < p2/q2 < · · · <
pm/qm. Let us denote by ∆i the union of the irreducible components δ of ∆ whose
beginning of a Puiseux expansion is given by u = aδvqi/pi . In [10] (see also [13]) the
Jacobian zones Zi are constructed as follows:
Lemma [13, Lemma 8]. There exist reals θi , 1 i m, with 0 < θ1 < θ2 < · · ·< θm−1 <
θm = θ such that, for:
Z1 =
(
D2θ1 × S1η
)∖(
˚D2α × S1η
)
, Zi =
(
D2θi × S1η
)∖(
˚D2θi−1 × S1η
)
, 2 i m,
then K∆ ∩Zi =K∆i .
Let
Zi,1
⋃
j
(
Z
(j)
i,2
⋃
k
(
Z
(j,k)
i,3
⋃
l
(
Z
(j,k,l)
i,4 · · ·
)))
=
ni⋃
j=1
Z
(i1,...,ij−1)
i,j
be the minimal Waldhausen decomposition of the complement of K∆i in Zi . It is construc-
ted in terms of the Puiseux expansions of ∆i . (For more details see [13].)
We remind that any Seifert leaf of Zi,1 is a (pi, qi) torus knot and any Seifert leaf
of Z(i1,...,ij−1)i,j , j  2, is an iterated torus knot around a (pi, qi) torus knot. Moreover
from [13] we have:
Proposition [13, Proposition 2]. Let ρij be any Seifert leaf of Z(i1,...,ij−1)i,j , then
L(S1θ × 0, ρij )/L(0 × S1η, ρij )= pi/qi.
Fig. 1 represents the disc D = D2θ × {ω} (ω ∈ S1η ) and the Jacobian zones. The small
dark disc in the center of D is (D2α × S1η)∩D.
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Fig. 1. Lê’s carrousel.
3. The topological invariants of higher order
3.1. Preliminaries
For more details about the following definitions and proposition see [14, Chapter 5]
or [12, Sections 2 to 3].
Definition 1. Let h−1(0) be an irreducible plane curve germ whose (u, v)-Puiseux
expansion is given by:
u= a1vm1/n1 + a2vm2/n1n2 + · · · + akvmk/n1n2···nk + · · · ,
where mi,ni are integers such that gcd(mi, ni) = 1, ai ∈ C∗ and (mi−1/n1n2 · · ·ni−1) <
(mi/n1n2 · · ·ni). We define the integers l1 =m1 and li =mi + ni(li−1ni−1 −mi−1).
Remark 2. In fact there exists r ∈N∗ such that ni = 1 for i > r .
Notice that the considered terms are not necessarily Puiseux characteristic terms (in
particular for i  r , some ni can be equal to one).
Proposition 1. Let h−11 (0) be an irreducible plane curve germ whose (u, v)-Puiseux
expansion is given by:
u= a1vm1/n1 + a2vm2/n1n2 + · · · + akvmk/n1n2···nk + · · · + arvmr/n1n2···nr + · · · ,
where nj = 1 for j > r , gcd(mi, ni)= 1, and ai ∈C∗.
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Let h−12 (0) and h
−1
3 (0) be two irreducible plane curve germs which have (u, v)-Puiseux
expansion of the following type:
u= a′1vm1/n1 + a′2vm2/n1n2 + · · · + a′kvmk/n1n2···nk ,
u= a′′1vm1/n1 + a′′2vm2/n1n2 + · · · + a′′k vmk/n1n2···nk
with a′i = ξiai , where ξi is a n1n2 · · ·nk-root of unit for each i, 1 i  k, and a′′i = ξ ′i ai
where ξ ′i is a n1n2 · · ·nk-root of unit for each i,1  i  k − 1, and a′′k = ξak for any
n1n2 · · ·nk-root of unit ξ . Then we have:
L(Kh1 ,Kh2)= lk+1nk+2 · · ·nr ;
and
L(Kh1 ,Kh3)= lknk · · ·nr .
Moreover we have L(Kh1 ,Kv)= n1 · · ·nr .
Definition 2. Let δ be a branch of ∆ whose (u, v)-Puiseux expansion is:
u= avqi/pi + a2vm2/pid2 + · · · + akvmk/pid2···dk + · · · + anvmn/pid2···dn + · · ·
with dj ∈ N∗ for 2  j  n and dj = 1 for j > n, gcd(pi, qi)= 1, gcd(mj , dj )= 1, and
a, ai ∈C∗.
We call hδ(1) the analytic function germ defined by hδ(1)(u, v) = upi − apivqi , and
h˜δ(1)(x, y)= (g(x, y))pi − api (f (x, y))qi .
For j  2, we also call
hδ(j)(u, v)=
pid2···dj∏
0=1
(
u− σ0ϕ(v1/pid2···dj )),
where ϕ(v1/pid2···dj )= avqi/pi + a2vm2/pid2 + · · · + ajvmj /pid2···dj and σ is a pid2 · · ·dj -
root of unit.
We denote h˜δ(j)(x, y)= hδ(j)(g(x, y), f (x, y)).
A direct consequence of Proposition 1 and Definition 2 is the following result:
Corollary 1. Let δ be a branch of ∆. Then, for each j such that h−1δ(j)(0) = δ, we have:
L(Kδ,Khδ(j) )
L(Kδ,Kv) =
lj+1
pid2 · · ·dj+1 .
Remark 3. Let γ be a branch of Γ such that Φ(γ )= δ. As the restriction of Φ to γ is a
covering of order αγ over δ, we have for each j such that h−1δ(j)(0) = δ:
L(Kδ,Khδ(j) )
L(Kδ,Kv) =
αγL(Kγ ,Kh˜δ(j) )
αγL(Kγ ,Kf ) ;
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and so from Corollary 1:
L(Kγ ,Kh˜δ(j) )
L(Kγ ,Kf ) =
lj+1
pid2 · · ·dj+1 .
Lemma 1. Let γ be a branch of Γ whose a Puiseux parametrization is given by (tm,ϕ(t))
(n minimum). We denote α and β the elements of C∗ satisfying g(tm,ϕ(t)) begins by
αt(g
−1(0),γ )0 and f (tm,ϕ(t)) by βt(f−1(0),γ )0 . Then, a (u, v)-Puiseux expansion of δ =
Φ(γ ) is beginning by u= avqi/pi where a = α/βqi/pi .
Proof. We know that there exists α and β in C∗ such that g(tm,ϕ(t)) begins by
αt(g
−1(0),γ )0 and f (tm,ϕ(t)) by βt(f−1(0),γ )0 (see [2]). Then δ = Φ(γ ) is given by
(αt(g
−1(0),γ )0 + · · · , βt(f−1(0),γ )0 + · · ·) and so u= avqi/pi + · · · implies
αt(g
−1(0),γ )0 + · · · = a(βt(f−1(0),γ )0 + · · ·)qi/pi
from which we deduce a = α/βqi/pi and api = αpi /βqi . ✷
Lemma 2. Let γ be a branch of Γ whose a Puiseux parametrization is given by (tm,ϕ(t))
(n minimum). We denote α1 and β the elements of C∗ satisfying h˜δ(1)(tm,ϕ(t)) begins
by α1t(h˜
−1
δ(1)(0),γ )0 and f (tm,ϕ(t)) by βt(f−1(0),γ )0 . Then, (u, v)-Puiseux expansion of
δ =Φ(γ ) is beginning by u= avqi/pi + a2vm2/pid2 where a2 = α1/(api−1βl2/pid2).
Proof. We know that h˜δ(1)(tm,ϕ(t)) begins by α1t(h˜
−1
δ(1)(0),γ )0 and f (tm,ϕ(t)) by
βt(f
−1(0),γ )0
. Then, as (u, v)-Puiseux expansion of δ is given by u= avqi/pi+a2vm2/pid2 +
· · ·, we have:
upi = (avqi/pi + a2vm2/pid2 + · · ·)pi
= api vqi + api−1a2v(qi(pi−1)d2+m2)/(pid2) + · · ·
which gives
upi − api vqi = api−1a2v(qi(pi−1)d2+m2)/(pid2) + · · · .
By definition of h˜δ(1) and f we obtain:
α1t
(h˜−1
δ(1)(0),γ )0 + · · · = api−1a2βl2/(pid2)t(f−1(0),γ )0l2/(pid2) + · · · .
Then using Remarks 1 and 3, we have a2 = α1/(api−1βl2/pid2). ✷
3.2. The topological invariants of higher order
In what follows L( , ) represents the linking number in the spheres Σ or (D2θ × S1η) ∪
(S1θ ×D2η).
Theorem 1. Let δ be a branch of ∆ whose (u, v)-Puiseux expansion is:
u= avqi/pi + a2vm2/pid2 + · · · + akvmk/pid2···dk + · · · + anvmn/pid2···dn + · · · ,
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with dj ∈N∗ for 2 j  n, dj = 1 for j > n, gcd(pi, qi)= 1, gcd(mj , dj )= 1, a, ai ∈C∗,
(qi/pi) < · · ·< (mj−1/pid2 · · ·dj−1) < (mj/pid2 · · ·dj ) < · · · .
There exists at least one Seifert fibred manifold V of the minimal Waldhausen
decomposition of Σ for KΣf ·g and k(δ,V ) in N∗ such that, for any leaf ρ of V which
satisfies Φ(ρ) is not one of the Khδ(j) knots, we have:
(i) either:
L(ρ,KΣ
h˜δ(1)
)
L(ρ,KΣf )
= qi,
and k(δ,V )= 1;
(ii) or k(δ,V ) > 1, and for 1 j  k(δ,V )− 1, we have:
L(Kδ,Khδ(j) )
L(Kδ,Kv) =
L(ρ,KΣ
h˜δ(j)
)
L(ρ,KΣf )
= lj+1
pid2 · · ·dj+1 ;
and:
L(ρ,KΣ
h˜δ(k(δ,V ))
)
L(ρ,KΣf )
= lk(δ,V )
pid2 · · ·dk(δ,V )−1 .
Definition 3. We define k(δ)= max{k(δ,V ), for V satisfying Theorem 1}.
Corollary 2. For each branch δ of ∆, the first k(δ) (u, v)-Puiseux exponents of δ are
topological invariants of (g, f ).
Proof. It is a direct consequence of Theorem 1 and of the fact that the leaves ρ are Seifert
leaves of the minimal Waldhausen decomposition of Σ for KΣf ·g , which decomposition is
unique up to isotopy. ✷
Remark 4.
(a) From Definition 1 it is easy to compute the mj/pid2 · · ·dj .
(b) Notice that in case (i), if h−1δ(1)(0) = δ, then:
L(Kδ,Khδ(1) )
L(Kδ,Kv) =
l2
pid2
> qi;
and in case (ii), if h−1δ(k(δ,V ))(0) = δ, then:
L(Kδ,Khδ(k(δ,V )))
L(Kδ,Kv) =
lk(δ,V )+1
pid2 · · ·dk(δ,V )+1 >
lk(δ,V )
pid2 · · ·dk(δ,V )−1 .
Proof of Theorem 1. By construction (see [13]), in the minimal Waldhausen decomposi-
tion of Σ for KΣf ·g , there exists Seifert fibred manifolds of linking quotient pi/qi such that
any Seifert leaf ρ of such a manifold which satisfies Φ(ρ) is not a Khδ(j) knot, is such that
Φ(ρ) admits (u, v)-Puiseux expansion given by:
u= a′vqi/pi (a)
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or
u= avqi/pi + a2vm2/pid2 + · · · + ak−1vmk−1/pid2···dk−1 + a′kvmk/pid2···dk (b)
with a′ = ξa where ξ is a pi -root of unit, and a′k = ξ ′ak .
Let us first suppose that (u, v)-Puiseux expansion of Φ(ρ) is as in (a). Using Prop-
osition 1 we have:
L(Φ(ρ),Khδ(1) )
L(Φ(ρ),Kv) =
piqi
pi
= qi;
moreover we have:
L{(Φ(ρ),Khδ(1) )
L(Φ(ρ),Kv) =
αρL(ρ,KΣ
h˜δ(1)
)
αρL(ρ,KΣf )
= qi,
where αρ is the order of the covering induced by the restriction of Φ to ρ.
In this case we have shown the existence of the integer k(δ,V )= 1 that satisfies (i) of
Theorem 1.
Now let us suppose that (u, v)-Puiseux expansion of Φ(ρ) is as in (b). Then we obtain:
L(Φ(ρ),Khδ(1) )
L(Φ(ρ),Kv) =
l2d3 · · ·dk
pid2 · · ·dk =
l2
pid2
= L(Kδ,Khδ(1))L(Kδ,Kv) .
Once again we have:
L(Φ(ρ),Khδ(1) )
L(Φ(ρ),Kv) =
L(ρ,KΣ
h˜δ(1)
)
L(ρ,KΣf )
which implies:
L(Kδ,Khδ(1) )
L(Kδ,Kv) =
L(ρ,KΣ
h˜δ(1)
)
L(ρ,KΣf )
= l2
pid2
.
For 2 j  k−1, by iterating the computation of Lemma 2 we can find the coefficients aj
of the (u, v)-Puiseux expansion of δ, and so the hδ(j) and h˜δ(j). Then using Proposition 1,
we obtain:
L(ρ,KΣ
h˜δ(j)
)
L(ρ,KΣf )
= L(Kδ,Khδ(j) )L(Kδ,Kv) =
lj+1
pid2 · · ·dj+1 ;
and
L(ρ,KΣ
h˜δ(k)
)
L(ρ,KΣf )
= lk
pid2 · · ·dk−1 .
In fact we have shown the existence of the integer k(δ,V ) = k that satisfies (ii) of
Theorem 1. ✷
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4. Computing the invariants in the minimal resolution
Let us give another way to compute those invariants, using the minimal resolution of
f · g at the origin of C2.
Let π be the minimal resolution of f · g at the origin of C2. The tree of the minimal
resolution of f · g, A(f · g), is constructed as follows. Each irreducible component
Ek, k ∈ N,1  k  r , of the exceptional divisor π−1(0) corresponds to a vertex Sk of
A(f · g). When two components Ek and El intersect respectively then Sk and Sl are
linked by an edge. At a vertex Sk we attach a number of arrows equal to the number
of irreducible components of the strict transform of f · g, π−1((f · g)−1(0)\{0}), that
intersect Ek . One arrow corresponds to the strict transform of one irreducible component
hj of f · g =∏sj=1 hwjj and is weighted by wj .
Definition 4. A vertex is called a rupture vertex if the number of edges and arrows attached
to it is greater or equal to three.
Definition 5. The contact quotient associated to a vertex Sk is equal to the quotient of the
valuation of f along Ek by the valuation of g along Ek; if ck represents a curvet of Ek ,
that means an irreducible smooth curve germ transverse to Ek at a smooth point, then the
contact quotient associated to Sk is equal to (f−1(0),π(ck))0/(g−1(0),π(ck))0.
Remark 5. A curvet of Ek is also called a curvet of Sk .
In [12] we show the following result:
Theorem [12, Theorem 1.1]. The set of Jacobian quotients of Φ is equal to the set of
contact quotients of the rupture vertices of A(f · g).
Theorem 2. Let δ be a branch of ∆ whose (u, v)-Puiseux expansion is:
u= avqi/pi + a2vm2/pid2 + · · · + akvmk/pid2···dk + · · · + anvmn/pid2···dn + · · · ,
with dj ∈N∗ for 2 j  n, dj = 1 for j > n, gcd(pi, qi)= 1, gcd(mj , dj )= 1, a, ai ∈C∗,
(qi/pi) < · · ·< (mj−1/pid2 · · ·dj−1) < (mj/pid2 · · ·dj ) < · · · .
There exists at least one rupture vertex S of A(f · g) and k(δ, S) in N∗ such that, for
any curvet c of S satisfying Φ(π(c)) is not one of the hδ(j)−1(0), we have:
(i) either:
(π(c), h˜−1δ(1)(0))0
(π(c), f−1(0))0
= qi,
and k(δ, S)= 1;
(ii) or k(δ, S) > 1, and for 1 j  k(δ, S)− 1, we have:
(δ, h−1δ(j)(0))0
(δ, v = 0)0 =
(π(c), h˜−1δ(j)(0))0
(π(c), f−1(0))0
= lj+1
pid2 · · ·dj+1 ;
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and:
(π(c), h˜−1δ(k(δ,S))(0))0
(π(c), f−1(0))0
= lk(δ,S)
pid2 · · ·dk(δ,S)−1 .
Proof. There exists a bijective correspondence between the Seifert manifolds of the
minimal Waldhausen decomposition of Σ for KΣf ·g and the rupture vertices of A(f · g)
(see [14, Chapter 12]); one Seifert manifold V of the minimal Waldhausen decomposition
of Σ for KΣf ·g corresponds to one rupture vertex S of A(f · g) and conversely. Moreover
a regular Seifert leaf of V , is isotopic to a knot Kϕ where ϕ is an irreducible germ at 0 in
C2 such that the zero locus of the strict transform of ϕ by π is a curvet of S (see [9,10]).
Then, using Remark 1 and the notations of the proof of Theorem 1, we obtain k(δ, S)=
k(δ,V ) and for each 1 j  k(δ,V ):
(π(c), h˜−1δ(j)(0))0
(π(c), f−1(0))0
=
L(ρ,KΣ
h˜δ(j)
)
L(ρ,KΣf )
.
Next, using the result of Theorem 1, we conclude. ✷
5. Comments and examples
Definition 6. A rupture zone R of A(f · g) is the biggest connected sub-tree of A(f · g)
constituted of vertices of same contact quotient.
Let us first remark that, if in A(f ·g) each rupture zone is constituted of only one vertex
then we can not compute other (u, v)-Puiseux exponents of any branch of ∆ except the
Jacobian quotient. Using the minimal Waldhausen decomposition of S3ε for Kf ·g , it means
that if there does not exist two Seifert manifolds of non-empty intersection that have the
same linking quotient then we can not compute other Puiseux exponents of any branch of
∆ except the Jacobian quotient.
This result is a direct consequence of the construction of the minimal Waldhausen
decomposition of S3ε for Kf ·g , using Lê’s carrousel; it comes from the fact that under these
hypotheses (with notations of Section 2.3), for each i , the Z(i1,...,ij−1)i,j for 2 j  ni do not
contribute to the creation of a Seifert manifold of the minimal Waldhausen decomposition
of S3ε for Kf ·g ; and so the (u, v)-Puiseux exponents of each branch of ∆ different from the
Jacobian quotients do not contribute to the creation of such Seifert manifolds.
On the other hand, when in A(f · g) there exists at least one rupture zone, which
contains at least two rupture vertices, then applying Theorems 1 or 2, we necessarily obtain
(u, v)-Puiseux exponents of some branches of ∆ different from the Jacobian quotients.
Topologically it means that in the minimal Waldhausen decomposition of S3ε for Kf ·g there
exists at least two Seifert manifolds of same linking quotient with non-empty intersection.
(1) Let us consider (g(x, y), f (x, y)) = (x3 + y2 + x10, x3 + y2). In this example f
and g are irreducible and tangent. They have the same Puiseux pair (3,2). The tree of the
minimal resolution of f · g is given in Fig. 2.
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Fig. 2.
Let us choose, for example, the curvet c1 of Si1 such that π(c1)= {x3 + 2y2 = 0} and
the curvet c2 of Si2 such that π(c2)= {x3 + y2 + 2x10 = 0}. We obtain:
(π(c1), f−1(0))0
(π(c1), g−1(0))0
= 1 and (π(c2), f
−1(0))0
(π(c2), g−1(0))0
= 1;
it means there exists a unique Jacobian quotient equal to one.
We have Jˆ (x, y) = 20x9y and so J is constituted of the two branches γ1 : x = 0 and
γ2: y = 0.
For γ1, we obtain: f (0, y)= y2 = g(0, y); then using Lemma 1, there exists a branch δ1
of ∆ whose (u, v)-Puiseux expansion is beginning by: u= v.
For γ2, we have: f (x,0)= x3 and g(x,0)= x3 + x10; then there exists a branch δ2 of
∆ whose (u, v)-Puiseux expansion is beginning by: u= v.
Consequently we have hδ1(1) = hδ2(1) = u − v and so h˜δ1(1) = h˜δ2(1) = g(x, y) −
f (x, y)= x10, which gives:
(π(c1), {x10 = 0})0
(π(c1), f−1(0))0
= 20
6
= 10
3
= (γ2, {x
10 = 0})0
(γ2, f−1(0))0
,
and so, from Remark 3,
L(Kδ2 ,Khδ2(1) )
L(Kδ2,Kv=0)
= 10
3
= l2
pid2
;
we also have
(π(c2), {x10 = 0})0
(π(c2), f−1(0))0
= 1 = qi.
It implies k(δ2) 2 and k(δ1)= 1.
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Moreover, we have h˜δ2(1)(x,0) = x10 and f (x,0) = x3, so, using Lemma 2, (u, v)-
Puiseux expansion of δ2 is beginning by u= v+ v10/3. It gives hδ2(2) = (u− v)3 − v10 and
h˜δ2(2) = (g(x, y)− f (x, y))3 − (f (x, y))10 = x30 − (f (x, y))10. We obtain:
(π(c1), {x30 − (f (x, y))10 = 0})0
(π(c1), f−1(0))0
= 60
6
= 10 = l2
pi
;
and so k(δ2)= 2.
Notice that here the (u, v)-Puiseux expansions of δ1 and δ2 are exactly δ1: u = v and
δ2: u= v + v10/3. One can obtain them easily from γ1 and γ2.
For the two following examples see [11].
(2) Let be
g(x, y) = −y6 + 3x3y4 − 3x6y2 + 4xy6 − 9x4y4
+ (54/7)x7y2 − (81/35)x10 + x9
and f (x, y)= x3 − y2.
In this example f and g are irreducible and tangent, but here f admits the Puiseux pair
(3,2) and g the pairs {(3,2); (11,3)}. The tree A(f · g) is given in Fig. 3:
In this example the Jacobian quotient is equal to 1/3.
We have Jˆ (x, y) = −8y7 and so J is smooth. We obtain f (x,0) = x3 and g(x,0) =
x9 − (81/35)x10; then, using Lemma 1, (u, v)-Puiseux expansion of ∆ = δ is beginning
by: u= v3.
We have hδ(1) = u− v3 so h˜δ(1) = g(x, y)− (f (x, y))3. Let us remark that h˜−1δ(1)(0) is
constituted of {x = 0} union three branches tangent to {y = 0} of Puiseux pair (3,2) whose
strict transform in A(f · g) is a curvet of Si1 .
Let us first consider c1 a curvet of Si1 such that π(c1)= {x3 + 2y2 = 0}. We obtain:
(π(c1), h˜
−1
δ(1)(0))0
(π(c1), f−1(0))0
= 20
6
= 10
3
= (J, h˜
−1
δ(1)(0))0
(J, f−1(0))0
,
Fig. 3.
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and, from Remark 3,
L(Kδ,Khδ(1) )
L(Kδ,Kv) =
10
3
= l2
pid2
;
consequently, k(δ) 2.
Notice that a curvet c2 of Si2 (π(c2) admits {(3,2); (11,3)} for Puiseux pairs) satisfies:
(π(c2), h˜
−1
δ(1)(0))0
(π(c2), f−1(0))0
= 60
20
= 3 = qi.
Using Lemma 2, we have h˜δ(1)(x,0) = −(81/35)x10 and f (x,0) = x3, so a (u, v)-
Puiseux expansion of δ is beginning by u= v3 − (81/35)v10/3; and so hδ(2) = (u− v3)3 +
(81/35)3v10 and h˜δ(2) = (g(x, y)− (f (x, y))3)3 + (81/35)3(f (x, y))10. It gives:
(π(c1), h˜
−1
δ(2)(0))0
(π(c1), f−1(0))0
= 10 = l2
pi
;
and then k(δ)= 2.
Notice that u= v3 − (81/35)v10/3 is (u, v)-Puiseux expansion of ∆.
(3) Here we choose g(x, y) = (x + y)2y2 − (3/2)x5 + 5x4y − 40x3y2 − 240x2y3 −
320xy4 − 128y5 + x6 + x3y3 + 3x2y4 + 3xy5 + y6 and f (x, y)= (x + y)y . In this case
f−1(0) has two smooth transverse branches which are tangent to the two branches of
g−1(0); and the two branches of g−1(0) have both the Puiseux pair (3,2); A(f · g) is
given in Fig. 4.
The Jacobian quotient is 1/2.
We have Jˆ (x, y)=−x5((15/2)− 6x − 12y), and so J : {x = 0}. It gives f (0, y)= y2
and g(0, y)= y4 − 128y5 + y6; then, using Lemma 1, (u, v)-Puiseux expansion of ∆= δ
is beginning by: u = v2. So hδ(1) = u − v2 and h˜δ(1) = g(x, y) − (f (x, y))2; h˜−1δ(1)(0)
is constituted of five branches smooth and transverse to each others and transverse to
(fg)−1(0).
Fig. 4.
H. Maugendre / Topology and its Applications 123 (2002) 297–312 311
Let c1 be a curvet of Si1 such that, for example, π(c1)= {x3 + 2y2 = 0}, we obtain:
(π(c1), h˜
−1
δ(1)(0))0
(π(c1), f−1(0))0
= 10
4
= 5
2
= (J, h˜
−1
δ(1)(0))0
(J, f−1(0))0
,
and, using Remark 3, it gives:
L(Kδ,Khδ(1) )
L(Kδ,Kv) =
5
2
= l2
pid2
.
For a curvet c2 of Si2 it is exactly the same computation. We obtain k(δ)  2. By
Lemma 2, we have h˜δ(1)(0, y) = −128y5 + y6 and f (0, y) = y2, so (u, v)-Puiseux
expansion of ∆ is beginning by u = v2 − 128v5/2; hδ(2) = (u − v2)2 + (128)2v5 and
h˜δ(2) = (g(x, y)− (f (x, y))2)2 + (128)2(f (x, y))5. It gives:
(π(c1), h˜
−1
δ(2)(0))0
(π(c1), f−1(0))0
= (π(c2), h˜
−1
δ(2)(0))0
(π(c2), f−1(0))0
= 5 = l2
pi
;
and then k(δ)= 2.
Remark 6. From a direct computation with J we find ∆: u = v2 − (128)2v5/2 + v3. It
gives:
(δ, {(u− v2)2 + 128v5 = 0})0
(δ, v = 0)0 = 3 =
l3
pid2d3
.
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